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Experimentally Validated Reversible Single-Phase
Multiwinding Transformer Model for the Accurate

Calculation of Low-Frequency Transients
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Abstract—In this paper, a previously published model for
the representation of the leakage inductance of multiwinding
transformers is enhanced to support accurate calculations of
low-frequency transients, including inrush currents, series fer-
roresonance, and geomagnetic-induced currents. The new circuit is
obtained from the principle of duality and, therefore, is physically
consistent. The unique characteristic of the improved model is
that the very deep saturation behavior of the iron core is properly
represented for each winding simultaneously (reversible model)
without changing parameters. The hysteresis cycle and iron-core
losses are also included. In addition to its reversible terminal
behavior coupled with physical consistency, the proposed model
can be built with circuit elements available in Electromagnetic
Transients Program-type programs, and all of the parameters can
be computed from terminal tests. The model is validated by com-
paring computer simulations versus laboratory measurements for
three- and four-winding transformers.

Index Terms—Duality, electromagnetic transients, ferrores-
onance, geomagnetic-induced current (GIC), inrush currents,
multiwinding transformers.

I. INTRODUCTION

M ULTIWINDING transformer models have broad ap-
plications in the design and development of power

systems and power-electronic devices. Several multiwinding
transformer models exist in the literature. Among them, the
models presented in [1]–[10] need to be acknowledged. The
saturation inductance (frequently called “air-core” inductance)
and winding resistance, the dominant parameters for transients
when the core saturates, are different for each winding since
the geometry (at the very least the radius) is different; see
[11] and [12]. Therefore, inrush currents, geomagnetic-induced
currents (GICs), and ferroresonance occur at different levels
of current and voltage for each winding. Laboratory measure-
ments on a four-winding transformer are shown in Fig. 1. This
figure demonstrates the significant difference in the transient
response of the windings during inrush currents. This attribute
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Fig. 1. Inrush current amplitudes for concentric windings with different mean
radius. All windings have the same number of turns and conductor cross-sec-
tional area. The saturation inductance and the winding resistance increase for
windings with larger radii, which reduce the inrush currents.

is neither reported nor considered in publications dedicated to
multiwinding transformer models.
Recently, an analytical solution for single-phase two-winding

transformers was proposed based on equivalent reluctance cir-
cuits [13]. The model accurately considers the deep saturation
behavior of the two windings simultaneously and, therefore,
the word reversible was coined for this model. However, the
model of [13] cannot be built with circuit elements available
in EMTP-type programs. Thereafter, a dual magnetic-electric
model was proposed to overcome this drawback in [14]. The
model of [14] is derived from terminal measurements and is
easy to implement in any EMTP-type program since it only uses
the standard circuit element.
It is known that the terminal behavior of the duality derived

transformer models does not always match the terminal mea-
surements performed in the laboratory; see [8] and [14]. The
main contribution of this paper is to enhance the terminal be-
havior of the multiwinding transformer model presented in [8]
and [9] to accurately represent the low-frequency behavior of
different windings involving very deep saturation.
The equivalent magnetic electrical model of this paper is

derived from the principle of duality. Step-by-step guidelines
to compute the parameters of the model from measurements are
presented. The model includes: leakage inductances, mutual
couplings, hysteresis loops, and iron-core losses. The very deep
saturation regions of the magnetizing branches are calculated
from the solution of the equivalent circuit to match the ter-
minal measurements. The model is compatible with all circuit
simulators since only standard circuit elements are needed.
The excellent agreement between simulations and laboratory
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Fig. 2. Direct application of the principle of duality on a multiwinding transformer. Note that due to the symmetry of the equivalent electrical circuit with respect
to the 0 axis, only the right-half side of the transformer window is illustrated.

measurements demonstrates that the model is accurate and
perfectly reversible.
This paper deals with single-phase multiwinding trans-

formers. The same methodology will be applied to the multi-
phase multiwinding model presented in [10] in a forthcoming
paper.

II. MODELING PRINCIPLES
The structure of the model is derived from the direct appli-

cation of the principle of duality to multiwinding transformers.
Fig. 2 illustrates half the window of a shell-type -winding
single-phase transformer. The equivalent electrical circuit is de-
picted on top of the transformer frame. The leakage inductances
are modeled with linear inductors and mutual couplings. The
leakage inductances between the windings are represented by

. The mutual inductances compensate for the missing
linking flux between the windings [8], [9]. The iron core is mod-
eled using hysteretic inductors. Also, nonlinear inductors are
considered for the contribution of the magnetic energy in the
air [14]. The methodology replicates the physical behavior of
the magnetic flux for different operating conditions. Therefore,
it is in full agreement with the principle of duality and modifies
the equivalent circuit for high saturation conditions. This is so
because in the operating regions below the knee point (during
the short circuit, normal open circuit, and nominally loaded), the
value of the air inductances is negligible when compared to the
iron-core inductances. However, in deep saturation, the distribu-
tion of the magnetic energy completely changes, because a sat-
urated iron core becomes linear with incremental permeability
similar to air. Therefore, the magnetic flux is no longer concen-
trated solely in the iron core, but is distributed in the transformer
window and air (see Fig. 3). Under these conditions, the flux be-
tween the windings and the core and the flux outside the trans-
former window become significant since they are comparable
to the flux in the core and leakage flux between the windings.
To accurately represent the aforementioned phenomenon, the

nonlinear air inductances (inductances to in Fig. 2)
are represented with two slopes: zero in normal operating re-
gions and a constant slope in high saturation. Fig. 4 illustrates

Fig. 3. Magnetic-field strength and the magnetic circuit for an open-circuited
transformer: (a) normal operating region and (b) deep saturation region
.

Fig. 4. Magnetizing characteristic of the branch for a 1-kVA 120-V shell-
type transformer.

the magnetizing characteristics of the inductor and the air
inductance . In this figure, represents the inductance
of the linear part (in deep saturation) of the magnetizing curve.
The series inductances and ; , , and ;
and , , and could be merged into single in-
ductors. For example, according to the characteristics of
shown in Fig. 4, only the high saturation slope of changes
to , where is themodified slope of in the
high saturation region. Similarly, represents the deep satura-
tion slope of the magnetizing inductor in the model. Then,
the winding resistances, core losses, and ideal transformers are
added to the circuit of Fig. 2; see Fig. 5 for the final model.
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Fig. 5. Reversible multiwinding transformer model including resistances and ideal transformers; are the saturation inductances of the
windings for the modification of the terminal response of the model for the high saturation region.

The principal advantage of this model, which differentiates it
from the model of [8], is the computation of the deep saturation
inductances of the magnetizing inductors . Note that ac-
cording to the equivalent circuits of Figs. 2 and 5, a hysteretic
magnetizing inductor is connected in parallel with the terminals
of each winding. These inductors are frequently called mag-
netizing or nonlinear branches in this paper. The existence of the
branches provides adequate degrees of freedom to correctly

characterize the different equivalent inductance values from the
terminals in the saturation region.
As noted before, the electromagnetic behavior of the core and

air is different under normal operating condition than in deep
saturation. Therefore, magnetizing branches are modeled in two
steps: First, the nonlinear behavior of the iron core in the non-
saturated region, below the knee point, is considered including
hysteresis; second, the linear behavior of the iron core in deep
saturation is added. The guidelines for the calculation of the un-
known parameters of the model are described in the following
subsections.

A. Magnetizing Branches: Hysteresis Curve
In an open-circuited transformer excited with rated voltage,

the iron core operates below the knee point, where the value
of the magnetizing inductance is substantially larger than the
leakage inductances. Hence, the leakage inductances, together
with its mutual couplings, are negligible in comparison with
the magnetizing inductances. Note that during the standardized
open-circuit test with nominal voltage excitation, the magnetic
flux is concentrated in the iron core. Therefore, similar hys-
teresis curve and magnetizing parameters ( and ) are
obtained from measurements on the different windings. This
has been demonstrated experimentally by measuring almost the
same magnetizing current in all windings when excited with
rated voltage, within measuring accuracy.
In the normal operating region, the measured

characteristic could be distributed between the magnetizing
branches considering the leg/yoke geometrical proportions.
Since the leakage inductances do not exist, the nonlinear
branches of Fig. 2 are effectively in parallel. Note that it is
possible to estimate the design details, such as dimensions of
the iron core and windings with the method of [15]. Neverthe-
less, for simplicity, it is assumed that the transformer window
is square. Thus, the length of the legs is the same as the length
of the yokes. Also, it is assumed that the distances between the

neighboring windings are the same. Hence, the leakage fluxes
leave the yoke at points located at of
the length of the yoke (see nodes in Fig. 2).
Therefore, the limbs are physically divided into regions
which result in . Besides,

, because normally the width of the center leg is
twice the width of the side legs and the length of the flux paths
are the same (distance between nodes , and
in Fig. 2). Finally, for the -winding transformer, the method
of [9] is extended as follows:

(1)
where is the magnetizing inductance measured from any
winding. Hence, the characteristics of each branch are
obtained with the following expressions:

(2)

where is the magnetizing curve of the th nonlinear
branch and is the th point of the data. The trapezoidal rule
of integration is applied to compute from the measured ter-
minal voltage obtained from the open-circuit tests. Note that
current is measured in the primary (low voltage) winding
and the induced voltage is captured at the open-circuited sec-
ondary (high voltage) winding.

B. Magnetizing Branches: Deep Saturation Region

The magnetic circuit of an open-circuited transformer
consists of several parallel branches connected to a
(see Fig. 3). The circuit can be simplified (by series/parallel
combinations) resulting in a single nonlinear reluctance with
a hysteretic characteristic for normal conditions and linear
behavior in deep saturation. The dual electrical representation
of this model is a single hysteretic branch. Therefore, the
simplest dual representation of a transformer model in the
open-circuit condition is a single hysteretic inductor in series
with the terminal resistance of the corresponding winding. This
could be seen in Fig. 6(a) and (b) for the first and the second
windings of a two-winding transformer.
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Fig. 6. Infrastructure of a duality-derived model for a two-winding trans-
former; (a) the simplest dual representation of the first winding for all open-cir-
cuit conditions; (b) the simplest dual representation of the second winding for
all open-circuit conditions; (c) addition of the leakage inductance to consider
the contribution of the leakage flux during the short-circuit and normal loaded
conditions. The joint connection of , , and affects the open-circuit be-
havior of the transformer especially in deep saturation.

Note that the leakage inductances do not have a physical ex-
istence in open-circuit conditions (because there is no leakage
flux when only one winding is energized). However, to simu-
late the normal operating conditions, a model requires the rep-
resentation of the leakage flux between the two windings (when
at least two windings are energized). To have a unique model
in open- and short-circuit conditions, the leakage components
need to be added to the circuits according to Fig. 6(c). How-
ever, the addition of the leakage inductance affects the behavior
of the open-circuit condition of the model of Fig. 6 especially
in the deep saturation region.
The leakage inductance is negligible when transformers op-

erate below the knee point in the open-circuit condition. This is
so because themagnetizing inductances are much larger than the
leakage inductance. For higher excitations, however, the slope
of the magnetizing curves decays to the values of the deep sat-
uration inductances , and , which are of the same
order of magnitude than the leakage inductances. Under these
conditions, the effect of the leakage inductance in the equivalent
circuit cannot be neglected, considering the fact that leakage in-
ductances are requisites for normal operation and are a part of
the model (see Figs. 2 and 5). This causes a mismatch between
the terminal measurements and the behavior of the model of
[8] in the deep saturation region. To overcome this drawback,
general formulas are proposed to precisely calculate
and .
1) Derivation of the System Equations: To retrofit the ter-

minal behavior of the model in deep saturation,
needs to be calculated correctly. Fig. 7 illustrates the equiva-
lent circuits seen from different terminals of a three-winding
transformer. Note that in each case, the secondary and tertiary
windings are open circuited and the damping components are
removed for the analysis since only saturation inductances are
measured. The primary winding is excited with a hybrid
voltage source to drive the transformer into deep saturation
as recommended in [12]. The modeling technique is based on
terminal measurements; therefore, the topology of the model
is consistent for transformers with or without tank, magnetic
tank shunts, belts, etc. However, the deep saturation inductance
measurements are affected in the presence of these transformer
parts, which change the values of . The term
“air-core inductance” [12] can only be used for an air coil or a
transformer without core and tank. Therefore, in this paper, it is

Fig. 7. Equivalent circuits for the calculation of the saturation inductances for
a three-winding transformer; simplified circuit seen from (a) the first winding,
(b) the second winding, and (c) the third winding.

substituted with “saturation inductance” as in [16]. As the result
of the excitation, all three magnetizing branches operate
in the linear saturated region. Therefore, these branches are
represented with the corresponding constant slope part of the
deep saturation region ( , , and ). Fig. 8 illustrates the
equivalent circuits seen from the terminals of a four-winding
transformer in deep saturation. Similar circuits are derived for
the -winding transformer as shown in Fig. 9.
The first step is to obtain the equivalent inductances seen from

the terminals of the model with re-
spect to the variables . The judicious selection of
the meshes, including direction and numbering, as illustrated in
Figs. 7–9, is essential to obtain simplified equations suitable for
generalization. These mesh equations are written for the fun-
damental components of the voltage and current, where is
the fundamental component of the hybrid voltage source ,
as follows:

(3)

The current and voltage vectors are as follows:

(4)

The matrix for the three-, four-, and -winding trans-
formers is written as follows:

(5)
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Fig. 8. Equivalent circuits for the calculation of the saturation inductances seen
from the four terminals of the four-winding transformer; simplified circuit seen
from (a) the first winding, (b) the second winding, (c) the third winding, and (d)
the fourth winding.

The elements of for the three-winding trans-
former are zeros except for the following components:

(6)

For the four-winding transformer, the following elements of
are nonzero:

(7)

The nonzero elements of the matrix for the -winding
transformer are as follows:

(8)

The matrix is written as follows:

. . .
(9)

where for the three-winding transformer is

(10)

For the four-winding transformer, is

(11)

and for the -winding transformer, the matrix is given in
(12), as shown at the bottom of the page.
2) Solution of the System Equations: The air-core induc-

tances seen from each winding are
calculated from the following expressions (see Figs. 7–9):

(13)

Equation (13) can be substituted into (3). Note that unknowns
in (3) do not need to be computed. Therefore,

Kron reduction [17] is used to eliminate those variables, and the
system order decreases from to

(14)

...
. . .

...

(12)
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Fig. 9. Simplified equivalent circuits seen from the terminals of the -winding transformer for the calculation of the saturation inductances.

The result of this step is a system of nonlinear equations
with unknowns . Equations (15)–(17), shown
at the bottom of the page, are the resulting equations for a three-
winding transformer. Note that are
known parameters which are experimentally measured with a
hybrid ac/dc source method as proposed in [12]. Some alter-
native methods to measure high saturation behavior of trans-
formers could be found in [18]–[21].
To solve the system of nonlinear algebraic equations, the

trust-region-reflective algorithm is applied using the embedded
Matlab function “lsqnonlin.” This function minimizes the set
of nonlinear equations with least-square data fitting as follows:

...
(18)

The parameters are initialized with the saturation in-
ductance values , ,

. Finally, the charac-
teristics of the magnetizing branches computed by (2) are

extended from the last point to infinity using as
constant slopes.

C. Leakage Inductances
The leakage inductances are calculated as in [8] by using the

standard short-circuit tests performed on each pair of windings
independently [22]. The self inductances are

(19)

where is the measured leakage inductance between
windings , and and 0 [8]. Consequently, the
mutual inductances are calculated with the following
expression:

(20)

Expressions (19) and (20) have been validated experimen-
tally in [10] for transformers of 96 and 360 MVA. The results
are identical to the BCTRAN model proposed in [1].

D. Core Losses
Constant resistors are added to consider

the iron-core losses [23]. The method applied in [9] is extended

(15)

(16)
(17)
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for the -winding transformers. The following equations are ob-
tained with the same assumptions presented in Section II-A:

(21)

where is the equivalent resistance computed from the
standard open-circuit measurements to represent the iron-core
losses.

III. MODEL VALIDATION

Reversible models for three- and four-winding transformers
are developed and validated in this section. The models are im-
plemented for a 1-kVA, 120 V, 4-winding isolation transformer.
The complete data, such as iron-core dimensions, leakage in-
ductances between different windings, saturation inductances
and resistances of different windings, etc. are available in [14].
The reversible model is compared with the conventional model
(called nonreversible model) and measurements for validations
in different transient conditions.
In the nonreversible model, all parameters are derived

according to the guidelines presented in previous sections
except the nonlinear branches. In this model, the magnetizing
characteristics are extended without the corrections provided
in Section II-B. The saturation inductance of the innermost
winding is used to adjust the model parameters which give
the correct transient behavior of the innermost winding. Note
that the same winding resistances are used in both models.
Therefore, the performance differences are only due to the use
of the wrong saturation inductances in the traditional model.

A. Three-Winding Model

Themodel for the three-winding transformer is obtained from
the first three windings of the four-winding transformer under
study. The fourth winding is left disconnected.
1) Inrush Currents: The transformer is energized through a

switch that closes when the voltage of the sinusoidal source is
crossing zero. The transformer is demagnetized before each ex-
periment. Fig. 10 illustrates the accuracy of the reversible model
in comparison to the nonreversible model. In this case, the non-
reversible model overestimates the inrush currents by 21.5%,
and 22.9%, for the second and the third windings, respectively.
The comparison of the results for inrush currents is presented
in Table I. The differences between the reversible model results
and measurements are about 5%.
2) Ferroresonance: For ferroresonance experiments, a

44- F series capacitance is connected between the source
and the transformer terminal. The transformer is completely
demagnetized, and the capacitor is discharged before each
measurement. The simulation results are compared to measure-
ments in Table II. One can observe that the simulation results
are in good agreement with the laboratory measurements. The
same tests are performed for the 22- F and 66- F capacitors,
and satisfactory results with errors less than 5% are achieved.
EMTP simulations show that the nonreversible model is also

Fig. 10. First peak of inrush currents to validate the three-winding model: (a)
innermost winding, (b) inner winding, and (c) outer winding.

TABLE I
COMPARISON OF INRUSH CURRENT PEAK VALUES FOR

THE THREE-WINDING TRANSFORMER

TABLE II
MAXIMUM TEMPORARY OVERVOLTAGE MEASURED AND SIMULATED FOR THE

THREE-WINDINGS TRANSFORMER AND A 44- F CAPACITOR (in volts)

correct for the calculation of ferroresonance. The overall dif-
ferences between the reversible and nonreversible models are
less than 2%.
3) Geomagnetic Induced Currents: Geomagnetic-induced

currents (GICs) cause a potential on the surface of the earth.
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Fig. 11. Laboratory test setup for the GICs.

TABLE III
COMPARISON OF GICS' PEAK VALUES FOR

THE THREE-WINDINGS TRANSFORMER

Fig. 12. Inrush current when transformer coils are drawing GICs. Note that due
to the lack of space, only the behavior of the outer winding is depicted.

Therefore, during GIC, the transformer neutral is biased with
a dc voltage [24]. This condition is simulated in the laboratory
and EMTP with a hybrid dc/ac excitation. The hybrid voltage
source includes a dc generator in series with an ac source.
The dc voltage could be controlled with the field excitation of
the generator. The hybrid source is connected to the primary
terminal of the transformer while the secondary terminal is
open circuit. The schematic diagram of the laboratory setup
is presented in Fig. 11. The switch is always closed in this
experiment.
Simulations results for the nonreversible and the reversible

models are compared versus measurements in Table III. One
can see a good agreement between the reversible model and
measurements. The nonreversible model shows relative errors
of 8%, and 18.8% with respect to the measurements.
4) GIC + Energization: One of the extreme cases of in-

rush currents could occur when the transformer is energized on
the zero crossing of the voltage while the neutral of the trans-
former is biased by GICs. This phenomenon is simulated with
the nonreversible and the reversible models (see Fig. 11 for
the simulated circuit). The results are compared for the three-
winding transformer model. The nonreversible model predicts
the inrush currents with 16.3%, and 20.5% errors for the inner
and outer windings, when compared to the reversible model.
Fig. 12 shows the simulation results for the outer winding. These
results show the significance of the reversible model for extreme
cases with higher degrees of saturation.

TABLE IV
COMPARISON OF INRUSH CURRENT PEAK VALUES

FOR THE FOUR-WINDING TRANSFORMER

TABLE V
MAXIMUM TEMPORARY OVERVOLTAGE MEASURED AND SIMULATED FOR THE

FOUR-WINDINGS TRANSFORMER AND A 44- F CAPACITOR (in volts)

TABLE VI
COMPARISON OF GICS' PEAK VALUES
FOR THE FOUR-WINDINGS TRANSFORMER

B. Four-Winding Model

The reversible model is validated for the four-winding trans-
former under inrush current, ferroresonance, and GIC. The re-
sults are compared to the nonreversible model and measure-
ments in Tables IV–VI. The great agreement between the results
of simulations for the reversible model and laboratory measure-
ments for all of the windings demonstrates the effectiveness of
the reversible model (all differences are less than 5%). On the
other hand, the nonreversible model does not properly repre-
sent the behavior of all four windings simultaneously. The er-
rors range from a few percent and up to 24%.

IV. CONCLUSION

The model of [8] and [9] has been retrofitted to produce a
reversible model for multiwinding transformers. Analytical
formulae have been derived to calculate the required parame-
ters from terminal tests. The model can be easily implemented
in EMTP-type programs for -winding transformers since
all components are available in their library. The model has
been validated by comparing measurements and simulations
for three- and four-winding transformers for inrush currents,
ferroresonance, and GICs.
The results show the necessity of the proposed improvement

to compute transients involving deep saturation. The model is
physically sound and very simple to implement without access
to the construction geometry and material information of the
transformer. All model parameters can be computed from ter-
minal tests.
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